A Note on Intuitionistic Fuzzy Hypervector Spaces 



Sanjay Roy, T. K. Samanta 

Department of Mathematics, South Bantra Ramkrishna Institution , West Bengal, India. 

e-mail: sanjaypuremath@gmail.com 
Department of Mathematics, Uluberia College, West Bengal, India, 
e-mail: mumpu_tapas5@yahoo.co.in 

Abstract 

The notion of Intuitionistic fuzzy hypervector space has 
been generalized and a few basic properties on this concept are 
studied. It has been shown that the intersection and union of 
an arbitrary family of Intuitionistic fuzzy hypervector spaces 
are also Intuitionistic fuzzy hypervector space. Lastly, the no- 
tion of a linear transformation on a hypervector space is in- 
troduced and established an important theorem relative to In- 
tuitionistic fuzzy hypervector spaces. 
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1 Introduction 

The notion of hyperstructure was introduced by F. Marty in 1934. Then 
he established the definition of hypergroup [I] in 1935. Since then many re- 
searchers have studied and developed ( for example see [5J , [5] ) the concept 
of different types of hyperstructures in different views. In 1990 M. S. Tallini 
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[TO] introduced the notion of hypervector spaces. Then in 2005 R. Ameri pQ 
also studied this spaces extensively. In our previous papers ( [7] , [8] ) , we also 
introduced the notion of a hypervector spaces in more general form than the 
previous concept of hypervector space and thereafter established a few useful 
theorems in this space. 

The concept of intuitionistic Fuzzy set, as a generalization of a fuzzy set 

was first introduced by Atanassov [3]. Then many researchers ([2], [9], |12j ) 
applied this notion to norm, Continuity and Uniform Convergence etc. At the 
present time many researchers ( for example |TT] ) are trying to apply this 
concept on the hyperstructure theory. 

In this paper, the concept of Intuitionistic fuzzy hypervector space is intro- 
duced and a few basic properties are developed. Further it has been shown that 
the intersection and union of a arbitrary family of Intuitionistic fuzzy hyper- 
vector spaces are also Intuitionistic fuzzy hypervector space. Lastly we have 
introduced the notion of a linear transformation on a hypervector space and 
established an important theorem relative to Intuitionistic fuzzy hypervector 
space. 

2 Preliminaries 

This section contain some basic definition and preliminary results which 
will be needed. 

Definition 2.1 JEj/ A hyperoperation over a non empty set X is a map- 
ping of XxX into the set of all non empty subsets of X. 

Definition 2.2 JBj/ A non empty set R with exactly one hyperoperation 
is a hypergroupoid. 

Let (X , jf) be a hypergroupoid. For every point x G X and every non empty 



A Note on Intuitionistic Fuzzy Hypervector Spaces 3 

subset A of X , we defined x # A = \J a eA{ x # a }- 

Definition 2.3 [6] A hypergroupoid (X , #) is called a hypergroup if 

(i) x # (y # z) = (x # y) # 2 

(m) 3 G X snc/i £/iet£ /or even/ a G X , there is unique element b G X for 
which £ of 6 and 6 J# a . i/ere b is denoted by — a . 
(m) For all a , b , cG X if a & b # c , then b G a # (— c). 

Proposition 2.4 (?) In a hypergroup (X , 7 —(—a) = a , Va G X. 

(ii) # a = {a} 7 Va G X , if (X , jf) is a commutative hypergroup. 

(iii) In a commutative hypergroup (X , jf) , is unique. 

Definition 2.5 |7|/ A hyperring is a non empty set equipped with a hyper- 
addition ' and a multiplication '. ' such that (X , jf) is a commutative hyper- 
group and (X , .) is a semigroup and the multiplication is distributive across the 
hyperaddition both from the left and from the right and a.O = O.a = 0, Va G 
X , where is the zero element of the hyperring. 

Definition 2.6 A hyperfield is a non empty set X equipped with a 
hyperaddition ' # ' and a multiplication '. 'such that 

(i) (X , # , .) is a hyperring. 

(ii) 3 an element 1 G X, called the identity element such that a.l = a, 
Va G X 

( iii ) For each non zero element a in X , 3 an element a -1 such that a.a~ l =l 

(iv) a.b = b.a , V a , bEX. 

Definition 2.7 |2J/ Let (F , © , .) be a hyperfield and (V , jf) be an additive 
commutative hypergroup . Then V is said to be a hypervector space over 
the hyperfield F if there exist a hyperoperation * : F x V — > P* ( V ) such 
that 

(i) a*(a#/3)Ca*a#a*/3 ; V a G F and V a , f3 G V 
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(ii) (a(Bb)*a(^a*a#b*a 
(Hi) (a .b) * a = a * (b * a) , 



V a,b G F and Va G V 



Vo, 6 GF and Va G V. 



'/A-' 



—a * a = a * —a 



Va G y andVa G F. 



(v) a e If * a, 9 e * a and 0*9 = 9, 



Va G V. 



where lp is the identity element of F , is the zero element of F and 9 is zero 
vector of V and P*( V ) i/ie set of all non empty subset of V. 

Definition 2.8 Let f : X — > Y be a mapping and v G FS(Y). Then we 
define G FS(X) as follows: 



Definition 2.9 IW{ Let E be a any set. An Intuitionistic fuzzy set ( IFS ) 
A of E is an object of the form A= {(x, /J,a( x ), ^a( x ) ) : x G E}, where 
the functions ha '■ E — > [0 , 1] and v& : E — > [0 , 1] denotes the degree of 
membership and the non-membership of the element x G E respectively and 
for every x G E, < Ha{x) + va(x) < 1. 

3 Intuitionistic Fuzzy hypervector Space 

In this section we established the definition of intuitionistic fuzzy hypervec- 
tor Spaces and deduce some important theorems. 

Definition 3.1 Let (F, ©, .) be a hyperfield. An intuitionistic fuzzy hy- 

perfield on F is an object of the form A = { ( a, uf(o), uf(o) ) : a G F } 

satisfies the following conditions : 

W Axeaefe Pf(x) > n F (a) A fi F (b), V a, be F 

(ii) u F (—a) > jUf(a), Va G F 

(Hi) a F (a.b) > fi F ( a ) A ^ F (b) V a, b G F 

(iv) ^(a- 1 ) > fi F (a), Va(^ 0) G F 

( v ) Vxe«®fe vf(x) < u F (a) V u F (b), V a, be F 



v(f(x)),VxeX. 
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(vi) up (—a) < vf(cl), V a G F 

(vii) vp(a.b) < v F (a) V v F (b), V a, b G F 
(wii) ^(a" 1 ) < i/j?(a), V a(^ 0) G F. 

Result 3.2 If A is a intuitionistic fuzzy hyperfield of F, then 

(i) u F (0) > A*f(o), Vaef 

(n) > /i F (a) ; V a G F \ {0} 

(Hi) u F (0) > A*f(1) 

(iu) i/ F (0) < i/ F (a), V a G F 

(u) z/ F (l) < i/ F (a), V a G F \ {0} 

M ^f(O) < 1/^(1) 

Proof : Obvious. 

Definition 3.3 Let (V, #, *) &e a hypervector space over a hyperfield (F, ©, .) 
and A be a intuitionistic fuzzy hyperfield in F. A intuitionistic fuzzy subset 
B— {(x, u v (x), v v (x)) : x G V} of V is said to be a intuitionistic 
fuzzy hypervector space of V over a intuitionistic fuzzy hyperfield A, if the 
following conditions are satisfied: 

(») Aaex# y Hv(a) > Hv(x) A liv(v), Vx,f/G V 

(ii) uv(—x) > uy(x), V x G V 

(Hi) K y ea*xl J 'v(y) > a v (x) A u F (a), V a G F and V x G V 

(iv) u F (l) > uy(9), where 9 be the null vector of V. 

(v) Vaex# y v v (ot) < "v(x) V^(i/),Vi,|/ G V 

(vi) Vy(— x) < Vy(x), V X G V 

(vii) \l y£a*x v v(y) < v v( x ) V v F (a), V a G F and Vx G V 
(nm) ^f(I) < ^v(^); where 6 be the null vector of V. 

Here we say that B is a intuitionistic fuzzy hypervector space over a intu- 
itionistic fuzzy hyperfield A. 
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Result 3.4 If B is a intuitionistic fuzzy hypervector space over a intuition- 
istic fuzzy hyperfield A, then 

(i) MO) > Hv(P), 

(ii) (J,v(@) > fJ-v{x), Vx G V 
(in) ^f(O) > fJ>v( x ), Va; G V 

(iv) u F {0) < v v {0), 

(v) v v {9) < v v {x), Vi G V 

(vi) u F (0) < v v [x), Vx G V 

Proof : Obvious. 

Theorem 3.5 Let V be a hypervector space over a hyperfield F and A be 
a intuitionistic fuzzy hyperfield. Let B G IFS(V). Then B is a intuitionistic 
fuzzy hypervector space over A iff 

(») Azea*x#b* y Vv(z) > (/M°) A /i v (x)) A (fi F (b) A nv(y)) , Vx, y G V and 

V a, 6 G F 

(ii) Hf(X) > Hvi®) where 9 be the null vector of V. 

(»**) Vzea*x#b* y vv(z) < (^(a) V z/y(x)) V (i/ F (6) V , Vx, y G V and 

V a, 6 G F 

(iv) vp{X) < vv(Q) where 6 be the null vector of V. 

Proof: First we suppose that B is a intuitionistic fuzzy hypervector space 
over the intuitionistic fuzzy hyperfield A. Then for a, b G F and x, y G V, we 
have 

£a*x,l3£b*y 

Hv(z) 

— /\aea*x,l3eb*y(/\zea#/3 H>v{z)) 

— l\ada*x,fi(Lb*y 

= ( /\aea*x Vv(®)) /\( /\(leb*y VviP)) 

> (fj, F (a) A nv{x)) I\{hf{o) A fi v (y)) 
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,a£a*x,f3£b*y 
V ' aea*x,/3eb*y 

< Vaea*x,peb* y (vv(a) V *v(£)) 

= ( Vaea«^v(«)) V( "v(P)) 

< (u F (a) V y(Mb) V 

The second and fourth inequalities are directly follow. 

conversely suppose that the inequalities of the theorem hold for all x, y G V 
and V a, b G F. 

Then h zeUx#Uy Hv{z) > A //y(x)) A(a*f(1) A n v (v)) 

> (pL V (9) A fjL V (x)) h(nv(9) A 

= /iy(x) A(i v (y) 
i-e A ze *#i/ ^y(^) > A ^y(y), as x G 1 * x and y e l*y 

Hv(-x) = N z e-ux IJ-v(z) , as -x G -1 *x 

> Aze-i*x#o*x Pv(z) > (^f(-I) A nv(x)) A(a*f(0) A ^y(x)) 

> A//y(x)) 

> (nv(9) Anv(x)) Anv(x) 
= Hv(x) A Hv{x) 

= fJ>v(x) 

i.e fx v (—x) > H(x) 

Ayea*x W(y) > /\yea*x#0*x V>v(y) > (p>F(a) A fi V (x) ) A(/ip(0) A fl V (x) ) 

= (fiv(x)AfiF(a)) A A*y(^) , as /xf(0) > £ty (x) 

= nv(x) A /i F (a) 
The fourth inequality of definition 3.3 is directly follows. 
Next \/ zel * x#Uy Mz) < V M*)) VMl) V ^y(y)) 

= (iv(^)viv(a;))VK(0)viv(y)) 
= v v (x) v iv (y) 
i.e V zex# y v v{z) < vv{x) V ^y(y), as x G 1 * x and y <E 1 * y 
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vv(-x) < \lze-i*x vv{z) , as -x E -1 * x 

< V ze-i*x#o*x u v( z ) 

< M-l) V vv(x)) v (^(0) V u v (x)) 

< (is F (l) V v v (x))\l u v (x) 

< (u v (9) V is v (x))\Jv v (x) 
= u v (x) V u v (x) 

= vv{x) 
i.e vy{—x) < V[x) 

a*x^v{y) ^ \/yea*x#0*x vv(y) 

< (u F (a) V v v (x)) V (u F (0) V v v (x)) 

= (uvix) V y F (a)) V vy(x) , as u F (0) < u v (x) 

= v v (x) V v F (a) 

The eighth inequality of definition 3.3 is obvious. 

Therefore B is a intuitionistic fuzzy hypervector space over A. 

This completes the proof. 

Definition 3.6 Let -B^ eA ) = { x, fi v (x), u v (x) : x E V} be a family of 
intuitionistic fuzzy hypervector spaces of a hypervector space V over the same 
intuitionistic fuzzy hyperfield A = {(x, fJ, F (x), u f (x)) : x E F}.Then 
the intersection of those intuitionistic fuzzy hypervector spaces is defined as 
(f] aeA B a )(x)= {x, A aeA fi v (x), /\ aeA v v (x) : Vx E V} 

and the union of those intuitionistic fuzzy hypervector spaces is defined as 
(IUa = {x, V aeA VaeA^ix) ■ VieK} 



Theorem 3.7 The intersection of any family of intuitionistic fuzzy hyper- 
vector spaces of a hypervector space V is a intuitionistic fuzzy hypervector 
space. 
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Proof: Let {B a : a G A} be a family of intuitionistic fuzzy hypervector spaces 
of V over the same intuitionistic fuzzy hyperfield A — {(x, fi F (x), v f {x) ) '■ 
x G F }. 

Let B = {C\ aeA B a ){x) = {(x, n v {x), u v (x)) : x G V } 
where fi v (x) = AaeA^v( x ) and v v{x) = AaeA^v( x ) 
Let x, y G V and a, b G F 

Azea*x#b*y V>v(z) = Aze a*x#b*y\/\a 

(*)) 

£a*x#b*y 

> AaeAi(Ma) A tf(x)) Mfi F (b) A ^(y))} 

= {(Ma) A(AaeA ^(x))} A{M*>) A(AaeA 

= (/i F (a) A A(a*f(&) A 

Therefore A z ea*x#b* y fi v (z) > (fi F (a) A /iy(x)) A(M & ) A M?/)) 
Again /ip(l) > /iy-(0) , Vet G A 
Therefore > AaeA 

i.e /x F (l) > /x v (0) 

Next Vzea*ir#&*2/ ^v(a) — V zea*x#b*y(AaeA V v( Z )) 

< AaeA^ zea*x#b*y U V\ Z )) 

< A« 6A {(^(a) V z^(x)) VM&) V 

= {(^(a) V(A aeA ^ 0*0)} V{M&) V(A aeA ^(y))} 

= (z/ F (a) V u v (x)) \J{p F {b) V 

Therefore V ' zea * x#b * y v v {z) < {u F (a) V v v (x)) \J{u F (b) V v v (y)) 
Again i/ F (l) < z/£(6>) , Va G A 
Therefore u F (l) < A aeA v$(e) 
i.e v F {\) < v v {6) 

Therefore B is also a intuitionistic fuzzy hypervector space over A. 
This completes the proof. 
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Theorem 3.8 The union of any family of intuitionistic fuzzy hypervector 
spaces of a hypervector space V is a intuitionistic fuzzy hypervector space. 

Proof: Let {B a : a G A} be a family of intuitionistic fuzzy hypervector 
spaces of V over the same intuitionistic fuzzy hyperfield A — { ( x, /i F (x), v f (x) ) 
x G F }. 

Let B = \Z aeA ^v( x ) = {(x, (i v (x), vy(x)) : x G V } 
where fi V (x) = \f aeA fi v (x) and u v (x) = M a ^v{ x ) 
Let x, y G V and a, b G F 

f\zea*x#b*y f-vi 2 ) = /\zea*x#b*y ( VctGA f-V ( Z ) ) 

> V aeA {(Ma) A A(M&) A /x£(y))} 

= {(M<0 A(V aeA A{M&) A(VaeA ^(?/))} 

= (/i F (a) A fJ, v (x)) A(a*f(&) A 

Therefore A xea¥x#b¥y n v (z) > (fi F (a) A /iy(x)) A(a*f(&) A ^v(y)) 

Again pi F (l) > A*y(0) , Va G A 

Therefore //f(1) > VaeA^vi®) 

i.e /x F (l) > /iy(0) 

Next \/ zea *x#b*y v v{z) — M zea*x#b*y{y a&kVy^)) 

= \J aeh-(\l zt=a*x#b*y V v( Z )) 

< V aeA {M<0 V ^(x)) \J{v F {b) V ^(y))} 

= {(^(a) V(V aeA rf(x))} V{M*>) V(V aeA ^(y))} 

= (z/ F (a) V VM*>) V *v(j/)) 

Therefore \f zea * x#b * y v v (z) < (u F (a) V ^y(x)) V(v F (b) V 

Again i/ F (l) < ify{6) , Va G A 

Therefore z/ F (l) < VaeA^y(^) 

i.e v F (l) < v v {Q) 

Therefore B is also a intuitionistic fuzzy hypervector space over A. 
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4 Linear Transformation 

In this section we established the definition of a Linear transformation on 
hypervector Spaces and deduce a important theorem relative to a intuitionistic 
fuzzy concept. 

Definition 4.1 Let (V, *) and (W, *') be two hypervector space over 
the same hyperfield (F, ©, .). A mapping T : V — > W is called Linear trans- 
formation iff 

(<) T(x#y)CT(x)#'T(y), 

(ii) T(a * x) C a *' T(x), \/x, y e V and a e F 

(Hi) T{6) = 6' 

Theorem 4.2 Let (V, *) and (W, *') fre two hypervector space over 
the same hyperfield (F, ©, .) and T : V" — > W be a linear transformation. 
Let B = {(y, [J,w(y), u w {y) ) : y G W} be a intuitionistic fuzzy hyper- 
vector space over A = {(a, (J>f(o), vf(o)) : a G F}. Then T^ 1 (B) = 
{x, T~ l (nw){.%) , T~ 1 (uw){x) : x G V} is a intuitionistic fuzzy hypervec- 
tor space of V over A. 

Proof: Let a, b G F and a, ft G V. 
Then Axea*a#6*/3 T~ 1 (/j, w )(x) = Axea*a#b*/3 Hw(T(x)) 

— t\T(x)eT(a*a#b*0) Hw(T(x)) 

> Ar(x)Ga*'T(a)#'b*'T(/3) Pw(T(x)) 

> (fx F (a) A fJL W (T(a)) A(M*>) A Vw(T(/3))) 

= (^(ajAT-^wjia)) M^AT' 1 ^)^)) 
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Again T~ 1 (/j, w )(9) = fx w (T(6)) = ^w{0') , where 0' be a null vector of W. 

< Mi) 

i.e Ml)>r-W)(0) 

And V xea *a#b*i3 T~ 1 (u w )(x) = Vxea*a#6*/3 vw{T{x)) 

= VT(x)£T(a*a#b*f3) v w{T{x)) 

< VT(x)ea*'T(a)#'b*'T(/3) ^(^(x)) 

< (z/ F (a) V u w {T{a)) \J{u F {b) V ^(T(/?))) 

= {v F {a)yT-\v w ){a))y{v F {b)yT-\v w ){p)) 

Again T- 1 (z/ iy )(^) = 1^(^(0)) = v w [Q') , where 0' be a null vector of W. 

> 

i.e z/ F (l) < T-\v w ){0) 

Therefore T~ 1 (B) is a intuitionistic fuzzy hypervector space of a hypervector 
space V over A. 
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